Harold’s Trig Proofs

Cheat Sheet
4 February 2026

After proving only three (3) trig formulas, we can easily derive ALL the trig formulas!

1. Pythagorean Identity
2. Sum and difference formula for sine
3. Sum and difference formula for cosine

A list of Paul Dawkins’ trig formulas is provided on the last two pages of this cheat sheet.

Proof of Pythagorean Identities

Proof
Pythagorean Theorem
X2 +y? =12
r=1

Given Simg:M:X:X:y

hypotenuse r 1

adjacent x X
c0s=—————=—=—-—=x

hypotenuse r 1

Substitute and Simplify

sin® 0 + cos? 0 = 12

Formula sin? @ + cos?0 =1 [1]
Proof
Given sin?@ + cos?0 =1 [1]
.2 2
Divide by cos? 8, then Simplify sin” 6 + cos” = 1
cos?f cos?6 cos?6
Formula tan’ 0 + 1 =sec’ 6 [2]
Proof
Given sin?@ + cos?0 =1 [1]
.2 2
Divide by sin? 8, then Simplify sin” 6 + cos” = 1
sin?f  sin’f  sin?6
Formula 1+ cot?0 =csc?0 [3]
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Proof of Sum and Difference Formulas

Trig Sum and Difference Formulas

sin(a + B) = sinacos B + cosasinp
cos(a + B) = cosacos B Fsinasinp

cos(a + B) sin a sin B
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Proof Diagram C 3
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Proof of sin(a + )
Prove Sum
ED opposite
Given sinfla+B) =—= pp

DA~ hypotenuse

Alternate interior angles are congruent

a = +CAB = £tHFA = £tHDF

Tallest vertical line

ED =GF +HD

Substitute, then divide and multiply
by AF & FD

n(as gy o ED _GF HD _GF AF HD FD
sinle + ) =20 =25+ A0 = AF a0 T FD 4D

Convert back to trig formulas

sin(a + B) = sinacos B + cosasinf  [4]

Prove Difference

Replace +f with —f8

cos(—p) = cos(p)
sin(—p) = —sin(B)

Simplify

sin(a — B) = sinacos B —cosasinf [5]

General Formula [4+5]

sin(a + B) = sinacos B+ cosasinf [6]
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Proof of cos(a + B)

Prove Sum
Given cos(e + B) = AE = _adjacent
AD  hypotenuse
Longest horizontal line EA =GA—-FH
Substitute, then divide and multiply EA GA FH GA AF FH DF
by AF & DF cos@+5) = 4b =AD" 4D ~ AF AD ' DF 4D
Convert back to trig formulas cos(a +B) = cosacosB —sinasinf [7]
Prove Difference
Replace +f with — s?zz£;§)=_f::rf(ﬁﬁ))
Simplify cos(a —B) = cosacosfB +sinasinf [8]
General Formula [7+8] cos(a + B) = cosacosB +sinasinf [9]

Proof of tan(a + B)

Prove Sum and Difference

sin(a + )
Given tan(la £ f) = —~
n(a+f) cos(a £ )
(a8 = si n .
Substitute sin(a + B) = sina cos B + C(:')S a S}nﬂ [6]
cos(a + ) = cosacos B Fsinasinf [9]
Divide by ( £), then Simplif ran(a + B) sina cosf§ + cos asinf
ivide by (cos a cos B), then Simpli +p) = —— -
y Py ana cosacos ff +sinasinf
tana +tan g
General Formula tan(a £ B) = [10]

1+ tana tanp
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Proof of Double Angle Formulas (20)

Proof

Given sin(a + B) =sinacos B + cosasinf [4]

Substitute O=a=p

Simplify sin(@ + 8) = sin O cos 8 + cos O sin O

Formula sin(20) = 2sinf cos 6 [14]
Proof

Given cos(a +B) = cosacosfB —sinasinf [7]

Substitute O=a=p

Simplify cos(0 +8) = cosBcosO —sinfsinb

Formula cos(260) = cos? 0 —sin? 9 [15]
Proof

Given cos(2.t9)2 = cos? 2 —sin?6 [15]

sin“8 +cos“6 =1 [1]

Substitute sin?6 =1 —cos? 6

Simplify cos(26) = cos? 8 — (1 — cos? 8)

Formula cos(20) =2 cos?0 -1 [16]
Proof

Given cos(2.t9)2 = cos? 6 —sin?@ [15]

sin?6 +cos?26 =1 [1]

Substitute cos?6 =1—sin?0

Simplify cos(20) = (1 —sin?0) — sin? 6

Formula cos(20) =1—2sin?0 [17]
Proof

sin(260
Given tan(20) = COS((ZQ))
Substitute sin(20) = 2sinf cosf [14]

cos(20) = cos? @ —sin? 6 [15]

Divide by cos? 6

tan(26) = 2sind cos 0
an " cos? 6 —sin? 6

Simplify

(2 sin @ cos 9)
cos? 60

<cos2 6 — sin? 9)
cos20

tan(20) =

Formula

tan(20) = 2 tan@
an " 1—tan2 0

[18]
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Proof of Half Angle Formulas (6/2)

Proof
Given cos(20) =1 —2sin20 [17]
Solve for sin? @ sin?6 = 1_+S(29) [19q]
Substitute 0= Q
2
0 1 — cos(8)
Solve in? (—) =——=
sin® {5 >
(0 1 — cos(8)
Formula sin (—) =+ [———— [19b]
2 2
Proof
Given cos(20) =2 cos?0—1 [16]
Solve for cos? 6 cos? 6 = H%S(Zg) [20a]
Substitute 0= g
0 1+ cos(6)
Solve 2 (—) =
Ccos 3 >
Formula cos (g) =4 1+C—OS(0) [20b]
2 2
Proof
sin? 6
Given tan? @ =
an cos? 6
1 — cos(26
sin? g = % [19a]
Substitute 1 + cos(260)
cos? g = — [20a]
(1 - cos(ZQ)) 26)
2 1 — cos(26
. 29 _ —
Simplify tan®6 = (1 + cos(29)) "1+ cos(26)
2
Substitute 0= g
Sol can? (9) 1 — cos(6) 21
olve )
a2 1+ cos(8) [21a]
Formula t (0) =+ 1 - cos(6) 21b
amlz)=* 1+ cos(0) [21b]
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Proof of Cofunction Formulas

Proof
Given sin(a —B) =sinacosf —cosasinf [5]
s
Substitute a= 5"8 =60
s s s
Simplify sin (5 - 0) = sin (5) cos 6 + cos (E) sin 6
/4
Formula sin (E - 0) =cosf [22]
Proof
Given cos(a —B) = cosacosfB +sinasinf [8]
T
Substitute a= E'ﬁ =6
T T s
Simplify cos (E - 0) = cos (E) cos 8 — sin (E) sin 8
/4
Formula cos (E - 0) =sinf [23]
Proof
sin(@)
Given tan(8) =
an(6) cos(8)
s
sin (E - 0) =cosf [22]
Substitute s
cos (E - ) =sinf [23]
. (T
Simplif tan (= — ) sin(70) _cost to
impli —_9)= — —
Pty anz cos (%_0) sing _ °
/4
Formula tan (E - 0) =cotl [24]
Proof
1
Given sec(9) = c0s(0)
/s
Substitute cos (E - 9) =sinf [23]
(ﬂ 9) 1 1 0
il sec(=—0) = = — = csc
Simplify 2 oS (%_ 9) sin(9)
T
Formula sec (E - 0) =cscO [25]
Proof
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Given csc(@) = Sin (@)
T
Substitute sin (5 - 9) =cosf [22]
s _ 1 1
Simplify cse (E - 9) - sin (%_ 9) - Cos(g) = sect
14
Formula csc (E - 0) =secO [26]
Proof
Given cot(9) = an @
T
Substitute tan (E - 9) =cotf [24]
s _ 1 1
Simplify cot (E - 9) " an (g _ 9) = ot(g) _ @ne
2
114
Formula cot (E - 0) =tanf@ [27]

Additional Resources

e AoPSOnline (2025). Art of Problem Solving, Proofs of trig identities.
https://artofproblemsolving.com/wiki/index.php/Proofs of trig identities
e Dawkins, Paul (2005). Trig Cheat Sheet, pp. 1-2.

https://www.toomey.org/tutor/pauls online _math notes/cheat sheets full/Trig Cheat Sheet.
pdf
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Paul Dawkins Trig Cheat Sheet

Definition of the Trig Functions

Right triangle definition
For this definition we assume that

0<6’<% or 0°<@<90°.

\ hypotenuse
Jyp

opposite \
n AN

Ny

Unit circle definition
For this definition @ is any angle.

y
A
R
NS |
/yi Y
[ \ e
X
1
sint?:i:y cscl =—
1 y
c056’=£=x se(:d9=l
1 X
tan|9=l 0:1‘[19:f
X y

Facts and Properties

adjacent
sin 9 = M sC 9 — M
hypotenuse opposite
cosf = _adjacent ecd = hypotenuse
hypotenuse adjacent
tan § = 2RO cot g = 2djacent
adjacent opposite
Domain

The domain is all the values of ¢ that
can be plugged into the function.

sind , @ canbe any angle
cos@, @ canbe any angle

tand, 9¢(n+%]7r, n=0,t1,12,...
cscld, O#nm, n=0,%£1, £2,...
secd, 9¢[n+%):’r, n=0,£1,%+2,...
cotd, O=nm, n=0,£1,£2,...
Range

The range is all possible values to get

out of the function.
—1<sin@ <1 csc >1andcscd <-1

—1<cos@<1 sec >1andsecd < -1
—w<tan@ <o —w<cotf@ <o

Period
The period of a function is the number,

T, such that f(@+T)= f(@). So,if @

is a fixed number and & is any angle we
have the following periods.

sin(w@) - T=2_7r
®

cos(wf) — T=2—7"T
®

tan (0 =X
an(a) ) — -
csc(a)ﬁ) — ]":2_?r
D)

sec(w@) — T=2—7"T
®

t(w0 =X

co (a) ) — -
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Formulas and Identities

Tangent and Cotangent Identities

tan9=sm9 Cc]tg=cos€"

cosd sin &
Reciprocal Identities
cscl = sind =

sin@ cscld
secd = cosf =

cos @ sect
cotd = tan@ =

tan @ cotd

Pythagorean Identities
sin@+cos* @ =1
tan’ @ +1=sec? @
1+cot’ @ =csc’ O
Even/Odd Formulas
sin (—9) =—sin@
cos(—0) =cos@
tan(—c?) =—tand

Periodic Formulas
If nis an integer.

sin(6 + 27rn) =sin@
cos(@+2zn)=cosO
tan(9+7m) = tan @
Double Angle Formulas
sin(260) = 2sin & cos O
cos(26) = cos® @ —sin® 0
=2cos’ 0 -1
=1-2sin’ @
2tan @

an(20)= 1" antg

Degrees to Radians Formulas

If x is an angle in degrees and ¢ is an

angle in radians then

b4 t TX
—=— = t=— and
180 x 180

csc(—0)=—cscd
sec(—6)=sect
cot(—ﬂ) =—cotd

csc(@+27n)=csch
sec(@+2zn)=sect

cot(@+ wn)=cotd

Half Angle Formulas
1
in® @ =—(1-cos (26
sin ) ( cos( ))

1
cos’ @ = E(l+cos(29])

2

_1—{:05(26’]
B 1+ cos(20)

Sum and Difference Formulas
sin(a + ) =sinacos f+cosasin B

fan

cos(a £ f}) = cosa cos f Fsinasin
tan t tan

lFtanatan S
Product to Sum Formulas

sinasinﬂ=%[cos(a—ﬂ)—{305(a’+ﬂﬂ

tan(a + B)=

cosa cosﬁ=%[cos(aﬂ)+c05(a+;5)]
sinacosﬂ=%[sin(a+ﬂ)+sin(a—ﬁ)]

cosasinﬁ=%[sin(a+ﬂ)—sin(a—ﬂ)]

Sum to Product Formulas

) . . [a+
sina +sin = 251[1(

. ) a+
sing —sin f = Zcos(

a+
cosa+cosff = 2COS[

cosa —cos f3 =25in(a;ﬁ)sm[a —ﬁ]

Cofunction Formulas

sin{ﬁt‘?}=c059 cos[ﬂé)zsinﬂ
2 2

csc(ZQJ=sec9 sec(i&)zcsc&

tan(%—ﬁ}zcot@ cot[%—@}ztanf—?
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